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The results are presented of Nusselt number calculations for bodies 

of different geometr ical  shape located in an infinite medium, the 

surface temperature of the bodies being functions of t ime.  A number 
of particular cases are investigated. 

In o r d e r  to so lve  va r ious  p r a c t i c a l  p r o b l e m s ,  we 
r e qu i r e  a desc r ip t ion  of uns teady hea t  t r a n s f e r  fo r  
bod ies  of d i f ferent  g e o m e t r i c a l  shape located  in an 
infinite med ium.  

Where  t h e r e  is conduct ive  heat  t r a n s f e r  with the 
sur rounding  m e d i u m ,  and a given law of body s u r -  
face  t e m p e r a t u r e  va r i a t ion  with t i m e ,  the p r o b l e m  in 
ques t ion  r educes  to the following d i f fe ren t ia l  equa-  
tion: 

a_0e = . . . . .  a ~ e  + ~ a e  O )  
O~ O~ ~ ~ 0~ 

The  ini t ial  conditions a re  

T - -0 ,  O = 0. (2) 

The  boundary  condit ions a r e  

~. = 1, (9 = ~,,~}, (3) 

-~  ~ ,  e + 0 .  (4) 

H e r e  | = (T  - T ~  ) / ( T  r - Too ) i s  t e m p e r a t u r e ;  r = 
= at,/r 2 is t ime ;  ~ = x / r  is a coordinate .  

The p a r a m e t e r  n, which c h a r a c t e r i z e s  the geo-  
m e t r y  of the s y s t e m ,  a p p e a r s  in the p rob l em.  With 
n = 0; 1; 2 we have,  r e spec t ive ly ,  an infinite plate of 
th ickness  2r,  a cy l inder  of infinite length and finite 
rad ius ,  and a sphe re .  

F r o m  the solut ion of the p r o b l e m  we m a y  then find 
the heat  flux through the body su r f ace  (~ = 1), while 
the ex te rna l  heat  t r a n s f e r  is d e s c r i b e d  by  the Nusse l t  
n u m b e r  

Nu 
ar  1 00  ~=L" 
X @ 8g 

This  p r o b l e m  has  been  s ta ted  in the l i t e r a tu re .  F o r  
ins tance ,  in [1], with the help K a r m a n - t y p e  in tegra l  
relations, an approximate expression is derived for 
calculating the Nusselt number in the sphere case; 
this has the form 

Nu --  I + 1 9(~)., 

T 

where  ~(~-) = ( ~  q~2(z ) ~ 1/z dz/r ) 
The method of [I] is very approximate, however, 

and is used, as will be shown below, only for a 

bounded class of functions. 
In the present paper, for arbitrary type of functions 

q~ (T) satisfying conditions (2), this problem is solved 
by the methods of operational calculus. 

Leaving out intermediate calculations, the final 
result has the form 

n = 0 ,  N u -  1 0 i (P(~) dz, (5) 

0 

n = I ,  N u =  

4 a  j r  d.d  ~q)(~) O--~ (P<~-~) e x p ( - z u )  u [ 2 p , , (6) 
!o(.) + h ~(.)] 

0 0 

1 0 qo(~) 
n =2,  Nu = 1 -} ~ dz, (7) 

(p(~) a~ j VT('~-z) 

where I 0 and N O are zeroth-order ]3essel functions of 
the first and second kind. The integro-differential re- 

lations for the Nusselt number are written in the form 
of Duhamel integrals [2]. 

By assigning a definite form of functions ~o (T), we 

may find the Nusselt number from these relations for 
each particular case. 

Let us examine some examples of one of the sim- 
plest cases--spherical symmetry (n = 2). 

i. Let 

%~) = k z", (8) 

where m is any positive integer. Then, using (7), we 
have 

2m-F 1 
[ =  - -  2 " In 

1 
0 

2 d r e (m- - l )  2 
3 2! 5 

and 

-' . . . . .  !- ( - - 1 p  - 2 - - ~ - - / "  
2m + 1 / 

Nu--  (2m]/~+l) [1 - -  u_~Zll " . . . .  31 , re(m--l)2! 

+ . . .  + ( - - ly ,  2.z +----~-- -= 1. 

1 
t 

5 

(9) 



JOURNAL OF ENGINEERING PHYSICS 289 

F r o m  this it fol lows that ,  in the c a s e  of a power  
law of su r f ace  t e m p e r a t u r e  v a r i a t i o n  of type (8), for  
any value  of m ,  the value of Nu is independent  of  the 
coeff ic ient  of p ropor t iona l i ty  k, and l ira Nu = 1, i .e . ,  

T-~oo  

s teady heat  t r a n s f e r  to o r  f r o m  the su r round ing  m e -  
dium is poss ib le .  We note that  the s teady  hea t  t r a n s -  
f e r  reg ion  se t s  in e a r l i e r  ( s m a l l e r  value of r) ,  the 
s m a l l e r  m is. 

At the s a m e  t i m e ,  in a given c a s e ,  we m a y  obtain,  
by the method  of [1],* 

o r  

Nul = 1+ V ~ +  ] 1 

I/~ VJ 

A - -  Nu- -1  ] / 2 r a + l  V3 X 

Nul - -  1 V~ 

x [  1 -  m--'l! 31% re(m--l)2! ._1_1 + 5  

lj 
+ " ' + ( - - 1 ) ~  2 m + l  ' 

i. e . ,  the e r r o r  in ca lcu la t ing  Nu by the me thod  of [1] 
i n c r e a s e s  with i n c r e a s e  of m.  Ca lcu la t ions  show that  
even fo r  a squa re  law of su r f ace  t e m p e r a t u r e  v a r i a -  
t ion (m = 2), A = 55%. 

2. Le t  us put 

cp(~) = A sin ~T, (10) 

i. e . ,  the body s u r f a c e  t e m p e r a t u r e  contains  ha rmon ic  
osc i l l a t ions  of ampl i tude  A and f requency  w. Then the 
in tegra l  

I : ~ _AMnmz dz = A ~  "Y [sinm~.C(~)--cosm~. S(~=)] 
-7  

o 

where  C(wr) = ~ f cos  t 2 dt and S(WT) = ~ X 
0 

x f s in t 2 dt a r e  F r e s n e l  in tegra l s .  
0 

0 o  i s  The heat  f lux through the body su r f ace  ~ -  =1 

in this  ca se  8(~ T ~=1 = - N u |  

X (cos roT-C(~ I + sin m~ .S(~))]. (11) 

*Nu 1 is the value of the p a r a m e t e r  ca lcula ted  by 
the method of [1]. 

F o r  s teady  osc i l l a t ions  (r >> 1) we m a y  put S(wr) = 
= C(WT) = 1/2, and (11) t akes  the f o r m  

= - - & s i n ( ~ + ~ ) ,  (12) 

w h e r e A  l = A v / 1  + ( 2 - w + c a  and 9 = a r e t g  ( 1 +  2C~F).  

a o  ~=1 
When w >> 2 a r c  tg (1 + ~ /w-)  ~- ~r/4 and ~ -  = 

= - A  1sin ~ + d0~" . 

Thus ,  in the ease  of s inusoida l  osc i l l a t ions  of body 
s u r f a c e  t e m p e r a t u r e ,  the hea t  f lux a lso  conta ins  
h a r m o n i c  osc i l l a t ions ,  but with ampl i tude  A and phase  
shif t  q), dependent  On f requency  of osc i l l a t ion  w, i . e . ,  
in th is  ca se  s teady  heat  t r a n s f e r  is imposs ib l e .  

The  Nu n u m b e r  fo r  a r b i t r a r y  t i m e  will  have  the 
form 

Nu = 1 +  l / ~  [SIo,,) + ctgmz. CI~,)]. (13) 

The value of Nu I proves to be 

2m sin mx 
N u l =  l+] /3(2m~__s in2m~) ,  or~,.limNul~ = I ,  

i. e . ,  in th is  case  the method  of [1] g ives  a r e su l t  that  
is wrong in pr inc ip le .  

3. Le t  

Then 

i expz- -1  
I =  " 1 / ~ - z  

0 

where  e r r  ( ~ - )  = 

in tegra l .  
The Nu n u m b e r  is 

q)(*l = exp T --1. (14) 

dz = --2 IF#-+ I/~ exp -c. err (V~), 

VY 

f exp ( - t  2) dt is the e r r o r  
0 

exp'~ err (]/7) (15) N u = l +  exp-~--I  

orlimNu=2. 

Thus ,  in the ca se  of a power  law of type (14) fo r  
body s u r f a c e  t e m p e r a t u r e  va r i a t ion ,  the heat  f lux,  

ao ~=I 
in the l imi t  as  r ~  oo, is ~ - -  = - 2 @ ,  i . e . ,  i ts  

in tens i ty  is twice  as  l a rge  as  in s teady  hea t  t r a n s f e r .  
By the method  of [t] we obtain 

| / ~ _ ~  exp ~--1  and lim Nul= 
N u l = l +  V (exp'~--2)2 q - ' ~ - 1  ~-~ 

= 1  + ~ / / @  =1.815, 

i. e., the error of this method is insignificant (~ 9%) 
only at large values of time; at small times it may be 
appreciable. 
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NOTATION 

T-variable temperature; x-coordinate; t-time;T -value of 

temperature when x --~ oo; r-characteristic body dimension; Tr- 

temperature on body surface; X-thermal conductivity; a-thermal 

diffusivity; c~-external heat transfer coefficient. 

RE FE RENCES 

1. L. I. K u d r y a s h e v a n d A .  A. Smirnov,  co l l e c t i on :  
H e a t a n d M a s s T r a n s f e r ,  I [in Russ ian] ,  Minsk,  1965. 

INZ HENE RNO- FIZIC HE SKII ZHURNAL 

2. H. C a r s l a w  and D. J a e g e r ,  Conduct ion of Heat  
in Sol ids  [Russ ian  t r a n s l a t i o n ] ,  Izd. "Nauka,  " 1964, 

2 O c t o b e r  1965 Moscow B r a n c h  of the  Ins t i tu te  
of C h e m i c a l  P h y s i c s ,  AS USSR 


